In this paper, we introduce a new concept of probabilistic metric space, which is a generalization of the Menger probabilistic metric space, and we investigate some topological properties of this space and related examples. Also, we prove some fixed point theorems, which are the probabilistic versions of Banach's contraction principle. Finally, we present an example to illustrate the main theorems. MSC: 54E70; 47H25
Introduction and preliminaries
Let R be the set of all real numbers, R + be the set of all nonnegative real numbers, Δ denote the set of all probability distribution functions, i.e., Δ = {F : R ∪ {-∞, +∞} → [, ] : F is left continuous and nondecreasing on R, F(-∞) =  and F(+∞) = }. In , Menger [] developed the theory of metric spaces and proposed a generalization of metric spaces called Menger probabilistic metric spaces (briefly, Menger PM-space).
Definition . ([]) A mapping T : [, ] × [, ] → [, ] is called a continuous t-norm if T satisfies the following conditions: () T is commutative and associative, i.e., T(a, b) = T(b, a) and T(a, T(b, c)) = T(T(a, b), c), for all a, b, c ∈ [, ]; () T is continuous; () T(a,

Definition . A Menger PM-space is a triple (X, F, T)
, where X is a nonempty set, T is a continuous t-norm and F is a mapping from X × X → D (F x,y denotes the value of F at the pair (x, y)) satisfying the following conditions:
(PM-) F x,y (t) =  for all x, y ∈ X and t >  if and only x = y; (PM-) F x,y (t) = F y,x (t) for all x, y ∈ X and t > ; (PM-) F x,z (t + s) ≥ T(F x,y (t), F y,z (s)) for all x, y, z ∈ X and t, s ≥ . 
Definition . ([]
) Let X be a nonempty set and G : X × X × X :→ R + be a function satisfying the following conditions:
It was proved that the G-metric is a generalization of ordinary metric (see [] ). Recently, some authors studied G-metric spaces and obtained fixed point theorems on G-metric spaces [-]. Similar work can be found in [-] .
It is well known that the notion of a PM-space corresponds to the situation that we may know probabilities of possible values of the distance although we do not know exactly the distance between two points. This idea leads us to seek a probabilistic version of G-metric spaces defined by Mustafa and Sims [] .
, where X is a nonempty set, T is a continuous t-norm and G * is a mapping 
and D be a distribution function defined by
Proof It is easy to see that
for all x, y, z, a ∈ X and all s, t > . In fact, we only need show
which, from (.) and (.), shows that
This implies (.) since D is nondecreasing.
for all x, y, z, ∈ X and t > . Then G * is a probabilistic G-metric. http://www.fixedpointtheoryandapplications.com/content/2014/1/91
Proof It is obvious that G * satisfies (PGM-), (PGM-), and (PGM-). To prove that G * satisfies (PGM-), we need to show that, for all x, y, z, a ∈ X and all s, t ≥ ,
and
we conclude that (.), i.e., (.) holds. Therefore, G * satisfies (PGM-) and hence G * is a probabilistic G-metric.
Proof In fact, the proofs of (PGM-)-(PGM-) are immediate. Now, we show that G * sat-
The following remark shows that the PGM-space is a generalization of the Menger PMspace.
Remark . For any function
is a probabilistic metric. It is easy to see that F satisfies the conditions (PM-) and (PM-).
Next, we show F satisfies (PM-). Indeed, for any s, t ≥  and x, y, z ∈ X, we have
It follows from (PGM-) that
Therefore, we have 
Since F is monotone, we have
Therefore, by the definition, z ∈ N x  (  , δ  ). This completes the proof. 
be the neighborhoods of x  . Consider
Now, G * x  ,y,y is left-continuous at  , so there exist  <  and δ  < δ  such that
Such a δ  exists since T is continuous, T(a, ) = a for all a ∈ [, ] and  -
Now, suppose that s ∈ N y , so that
Then, since G * is monotone, it follows from (PGM-) that
Similarly, we also have G Now, suppose that there exists a point s ∈ N x  ∩ N y such that
Then, by (PGM-), we have
which are contradictions. Therefore, N x  and N y are disjoint. This completes the proof.
Next, we give the definition of convergence of sequences in PGM-spaces.
(write x n → x) if, for any >  and  < δ < , there exists a positive integer M ,δ such that 
Proof For any t > , there exists δ >  such that t > δ. Then, by (PGM-), we have
Letting n → ∞ in the above two inequalities and noting that T is continuous, we have
Letting δ →  in above two inequalities, since G * is left-continuous, we conclude that
for any t > . This completes the proof.
Fixed point theorems
In for all x, y, z ∈ X and t > .
The mapping f satisfying the condition (.) is called a λ-contraction. Let T be a given t-norm. Then (by associativity) a family of mappings
for each n ≥  is defined as follows:
Definition . ([]) A t-norm T is said to be of Hadzić-type if the family of functions
n= is equicontinuous at t = , that is, for any ∈ (, ), there exists δ ∈ (, ) such that
The t-norm T = min is a trivial example of t-norm of Hadzić-type. 
for any n ≥  and t > . Then {x n } is a Cauchy sequence in X.
Since X is a Menger PGM-space, we have
for any t > . Now, let n ≥  and t > . We show, by induction, that, for any k ≥ ,
)(t -λt), which implies that (.) holds for k = . Assume that (.) holds for some k ≥ . Then, since T is monotone, it follows from (PGM-) that
so we have the conclusion. Now, we show that {x n } is a Cauchy sequence in X, i.e., lim m,n,l→∞ G * x n ,x m ,x l (t) =  for any t > . To this end, we first prove that lim n,m→∞ G * x n ,x m ,x m (t) =  for any t > . Let t >  and >  be given. By hypothesis, T n : n ≥  is equicontinuous at  and T n () = , so there exists δ >  such that, for any a ∈ ( -δ, ], any t > . By (GPM-), we have
Therefore, by the continuity of T, we conclude that
for any t > . This shows that the sequence {x n } is a Cauchy sequence in X. This completes the proof.
From Example . and Lemma . we get the following corollary. Proof Define G * x,y,z (t) = min{F x,y (t), F y,z (t), F x,z (t)} for all x, y, z ∈ X and all t > . Example . shows that (X, G * , T) is a PGM-space. Since G * x n ,x n+ ,x n+ (t) = F x n ,x n+ (t) and G * x n- ,x n ,x n (t/λ) = F x n- ,x n (t/λ), F x n ,x n+ (t) ≥ F x n- ,x n (t/λ) implies G * x n ,x n+ ,x n+ (t) ≥ G * x n- ,x n ,x n (t/λ) for all n ≥  and t > . By Lemma . we conclude that {x n } is a Cauchy sequence in the sense of PGMspace (X, G * , T). That is, for every >  and  < δ < , there exists a positive integer M ,δ such that G * Proof Take an arbitrary point x  in X. Construct a sequence {x n } by x n+ = f n x  for all n ≥ . By (.), for any t > , we have G * x n ,x n+ ,x n+ (t) = G * fx n- ,fx n ,fx n (t)
≥ G * x n- ,x n ,x n (t/λ).
Lemma . shows that {x n } is a Cauchy sequence in X. Since X is complete, there exists a point x ∈ X such that x n → x as n → ∞. By (.), it follows that G * fx,fx n ,fx n (t) ≥ G * x,x n ,x n (t/λ).
